The aim of the paper is to study some dynamic aspects coming from a tangent form, i.e. a time dependent differential form on a tangent bundle. The action on curves of a tangent form is natural associated with that of a second order Lagrangian linear in accelerations, while the converse association is not unique. An equivalence relation of tangent form, compatible with gauge equivalent Lagrangians, is considered. We express the Euler-Lagrange equation of the Lagrangian as a second order Lagrange derivative of a tangent form, considering controlled and higher order tangent forms. Hamiltonian forms of the dynamics generated are given, extending some quantization formulas given by Lukierski, Stichel and Zakrzewski. Using semi-sprays, local solutions of the E-L equations are given in some special particular cases.
Introduction
The second order Lagrangians are considered, for example, in [5, 6] , [15] , [21] etc. (see, for example, [14, 17, 19] for a study of higher order Lagrangians). The second order Lagrangians that are affine in acceleration are involved in some special problems and studied for example in [1] , [3] , [4] , [5] , [6] , [9] , [12] , [13] , [16] etc. These are the most possible singular Lagrangians -their vertical hessian vanishes. According to [5, Sect. 6.3] , some special regularity conditions can be considered. Third order Lagrangians, that are affine in the third order derivatives and possessing an acceleration-extended Galilean symmetry, are studied in [10] ; they extend the second order case considered previously by the same authors and considered in a general form in this paper. It can be a model for a future development of constructions in the present paper.
The goal of this paper is to study tangent forms, i.e. differentiable one forms ω on IR × T M , where M is a manifold. Some basic aspects and motivating examples can be found in our previous paper [18] . We consider an action of a tangent form ω on differentiable curves on M , in fact the same as the action of a suitable second order Lagrangian affine in accelerations (it corresponds canonically to ω, by Proposition 2.1). Conversely, the action of a second order Lagrangian affine in accelerations can correspond to at least one tangent form (Proposition 2.2). We consider a certain equivalence relation on tangent forms such that an equivalence class corresponds to some gauge equivalent Lagrangians given by the actions (Proposition 3.1).
Considering controlled tangent forms (Proposition 3.2), higher order tangent forms, top tangent forms and Lagrange derivatives of tangent forms, then the Euler Lagrange equation of a tangent form can be obtained by (two) successive Lagrange derivatives of tangent forms (Proposition 4.1), considering also an Ostrogradski tangent form, closed related to Ostrogradski momenta. The EulerLagrange equation contains the second derivatives and we prove that in the case of a regular Lagrangian, the solutions are integral curves of a global second order differential equation (Proposition 4.2) .
Considering a Legendre map and considering non-degenerated, hyper-nondegenerated and biregular Lagrangians, we study the dynamics given by Lagrangians affine in accelerations given by tangent forms. We prove that for a regular tangent form, the dynamics on M (i.e. the solutions of E-L equations) comes from the projection of the integral curves of a vector field X on T 2 * M = T * M × M T M (Proposition 5.1), while for a biregular tangent form, the dynamics on M comes from the projection of the integral curves of a vector field Y on T ], where Ostrogradski-Dirac and Fadeev-Jakiw methods are used, we use here a modified Ostrogradski-Dirac method, offered by the possibility to construct constraints slight different from the canonical ones used in Ostrogradski theory. The Ostrogradski-Dirac method was also used in [3] to a quantization of a system derived from a Lagrangian affine in accelerations, involved in the study of a Reegge-Teitelboim model. Since in the cases considered in our paper it is not necessary to express the constraints techniques explicitly, we use a symplectic formalism instead, giving here a global form of the quoted methods. In Subsection 5.2 we present a Hamiltonian description of the dynamics defined by the vector fields X and Y described above, proving that:
-If ω is regular and its essential part is time independent, then there are a symplectic form Ξ ′ on T 2 * M and a Hamiltonian H : IR × T 2 * M → IR such that the Hamiltonian vector field X H is X (Theorem 5.1).
-If ω is biregular and its essential part is time independent, then there are a symplectic form Ξ ′′ on T Some examples and special cases are given in Subsection 6. In the case when dim M = 1, we prove in Proposition 6.2 that the generalized Euler-Lagrange equation of a regular and basic tangent form admits locally standard Lagrangian descriptions (in the sense of [2, Section 2.]). In order to describe the dynamics generated by some classes of tangent forms, we use first order semi-sprays. Following some concrete examples, we consider some special cases (Propositions 6.3 to 6.7) when families of local semi-sprays of first order are considered; their integral curves project on (sometimes all) integral curves of the generalized Euler-Lagrange equation associated with the Lagrangian of the tangent form.
Using local calculus, certain geometrical objects on higher order tangent bundles and on general fibered manifolds are described in an Appendix.
Tangent forms, Lagrangians and actions on curves
A tangent form on a differentiable manifold M is a differentiable form ω ∈ X * (IR × T M ). Denote by p 1 : IR × T M → IR and p 2 : IR × T M → T M the natural projections. The pull-backs p T M T M , canonically isomorphic to its turn with the vertical vector bundle V T M of T M . (Notice that V T M is the kernel of the differential map of π T M : T M → M .) Thus we can denote ker C T M = V * T M , without any confusion. Notice also that using the canonical isomorphism depicted above of π * T M T * M and ker C T M , then C T M gives a canonic map J * : T * T M → V * T M ⊂ T * T M having the property that ker J * = J * (T * T M ) = V * T M , thus (J * ) 2 = 0; it is the dual counterpart of the almost tangent structure on T M (see [7] ).
We can consider the time dependent counterpart, taking T * (IR × T M ) → IR × T M instead of T * T M → T M and IR × V * T M ⊂ T * (IR × T M ), with the base IR × T M , instead of V * T M ⊂ T * T M with the base T M . More specifically, taking into account the canonical isomorphisms depicted above, the vector bundle
Using local coordinates (see the Appendix) a tangent form ω has the local expression
A top tangent form η has the local expression η = η i (t, x j , y j )dx i ; the top tangent form given by the tangent form (1) has the expressionω =ω i dx i . A tangent form can be related to a second order dynamic form considered in [5] . According to [5, Section 2] , a first order dynamic form on the bundle Y = IR × M → M is a one contact and horizontal two form ν on J 1 (Y ), having the local expression ν = ν i (t, x j , y j )dx i ∧dt+ν i (t, x j , y j )dy i ∧dt. Obviously a first order dynamic form is equivalent to give a pure tangent form. An advantage to use tangent forms is having the Lagrangian forms in the same setting. Another motivation to use tangent forms is given by their action on curves, the same as the action of suitable second order Lagrangians that are affine in accelerations.
If
The action of the tangent form ω on γ is given by the formula
Using local coordinates: t ∈ IR, (x i ) on M and (x i , y i ) on T M , if ω has the expression (1) and a curve γ has t → (x i (t)), then the action (2) has the expression
Let us relate the action of tangent forms on curves to the actions of Lagrangians on curves. First, the action of L (1) : IR × T M → IR on a curve γ : [a, b] → M is given by the formula:
are the first order lift and the second order lift respectively, of the curve γ. A second order Lagrangian on M is a differentiable map L (2) : IR × T 2 M → IR, where T 2 M is the second order tangent space of M (see the Appendix). The action of L (2) on γ is given by the formula:
A second order Lagrangian L is affine in accelerations if its vertical Hessian vanishes; using local coordinates,
by the natural projection T 2 M → T M ; the degeneration case described in this situation is refined later in the paper.
It is easy to see that the Lagrangian action I L0 of a Lagrangian L 0 is the same as the tangent action I ω0 of the Lagrangian tangent form ω 0 = L 0 dt ∈ X * (IR × T M ). It worth to remark that ω 0 is a closed form only if L 0 = L 0 (t). The two actions (2) and (4) are related as follows.
Then we define L
It is easy to see that the actions of L (2) ω and ω on a curve γ have the same form, given by the right side of the formula (2), thus the conclusion follows.
Using coordinates (
, if ω is given by (1), then we have:
The following result shows that the action of every second order Lagrangian, affine in accelerations, can be represented as well as an action of a suitable tangent form.
Proof. Let us consider a local chart (U, ϕ) on M ; we define a locally tangent form θ U = ∂L ∂z i dy i , thus (θ U ) i = ∂L ∂z i and (θ U ) i = (θ U ) 0 = 0 for this tangent form. Let {f α } α∈I N be a partition of unity subordinated to a locally finite open cover {U α } α∈I N of such domains of coordinates. Then the tangent form θ = n∈I N f α · θ Uα is a tangent form θ ∈ X * (IR × T M ) that has the top compo-
The actions of tangent forms on curves are related to the well-known actions of the first and the second order Lagrangians on curves. Let us consider two points x, y ∈ M and γ 0 = (x i 0 (t)) be a curve joining x and y, i.e. x i 0 (0) = x and x i 0 (1) = y. Let us consider variations of γ 0 , as curves joining x and y, having the local expression γ ε = (x i ε (t)), where
. In the case of the actions of second order Lagrangians on curves, the specific variational conditions, impose:
For a second order Lagrangian L (2) : IR × T 2 M → IR, the extrema curves of the action I L (2) are given by the well-known Euler-Lagrange equations
In the particular case of a Lagrangian (5), the Euler-Lagrange equations have the form
Let us consider IR 2 with coordinates x and y. The canonical symplectic form α = dx ∧ dy gives the tangent form ω (1) =ẋdẏ −ẏdẋ and the second order Lagrangian L 0 (t,ẋ,ẏ,ẍ,ÿ) =ẋÿ −ẏẍ on IR 2 ; here (x, y) := (x 1 , x 2 ); (ẋ,ẏ) := (y 1 , y 2 ), in the previous notations. This Lagrangian was involved in [9] , concerning its invariance to the (2 + 1)-Galilean symmetry; the authors prove in the Appendix that the general form of a one-particle Lagrangian which is at most linearly dependent onẍ,andÿ leading to Euler-Lagrange equations of motion which are covariant with respect to the D = 2 Galilei group, is given, up to gauge transformations, by L(t, x, y,ẋ,ẏ,ẍ,
. This Lagrangian is affine in accelerations, but it can come from two tangent forms:
In order to put together these two tangent forms, we define below an equivalence relation, ruled by their action and implicitly by their second order Lagrangians, affine in accelerations.
Equivalence of tangent forms
A first order Lagrangian F : IR×T M → IR and a tangent form ω ∈ X * (IR×T M ) give together a tangent form ω ′ = ω + dF . Then
dt (a)). According to the variation conditions (6) and (7), it is easy to see that I ω and I ω ′ have the same extrema curves.
Analogous considerations as made in [8] for the gauge equivalence of first order Lagrangians can be transposed for second order Lagrangians (see for example [14, Section 4.4] ). It reads that the second order Lagrangians L and We notice that the Lagrangians given by [4, formula (11) ] or [3, formula (34)] are gauge equivalent, but they are studied without using this fact.
Let us consider the submodule G ⊂ X * (IR × T M ) generated (as a sheaf) by the local differential forms {δx
It is easy to see that any form η ∈ G vanishes along the (second order) lift of a curve on M . Thus for any tangent form ω ∈ X * (IR × T M ), the tangent forms ω and ω ′ = ω + η have the same extrema curves (see [13] for other implications concerning the module G).
We say that:
two second order Lagrangians L ′ and L are gauge equivalent if there is an
It is easy to see that two equivalent tangent forms have the same extrema curves. Analogously, two second order Lagrangians L ′ and L that are gauge equivalents have the same extrema curves. 
thus ω ′ and ω are equivalent. It follows that the property of the above Proposition can be used as a definition of equivalent tangent forms. Corrolary 3.1 If two tangent forms correspond to the same second order Lagrangian affine in accelerations, then they are equivalent.
i of a first order Lagrangian L is obviously equivalent to the canonical Lagrangian form Ldt and both correspond to the same Lagrangian L, seen of second order by T 2 M → T M → IR. There are two possibilities to associate a tangent form to a pointed Lagrangian L(t, x i , y i ) = y i ν i : ω 1 = ν i dx i and ω 2 = Ldt respectively. The first is pure and the second is a Lagrangian one, but they have the same action on curves, that given by the action of the same Lagrangian. It is easy to see that dω 1 − dω 2 = 0 iff ν i = 0; thus ω 1 and ω 2 are not differential equivalent (i.e. ω 1 − ω 2 = dF ) for L = 0. Thus there are tangent forms that are not differential equivalent (i.e. their difference is not a exact differential), but equivalent.
Every tangent form ω of the form (1) is locally equivalent to the local tangent form ω we obtain the pure tangent form
iẍj was considered in [9, 10, 1] . In order to obtain a tangent form we have two possibilities:
the first is pure and the second is a mixed one.
2) The Lagrangian L(
was considered in [12] . The two tangent forms, one pure and one mixed, can also be considered:
Unlike the first example, in the second example the tangent form ω ′ is not differentiable in the points where (y i = 0).
Controlled and higher order tangent forms
We consider below controlled tangent form and, in particular, higher order tangent forms. The controlled top derivative, defined also in this subsection, is used in the next subsection in an accurate study of the Euler-Lagrange equation of a tangent form. Let π E : E → M be a fiber manifold (i.e. a surjective submersion) that factorize as a composition
Obviously a controlled tangent form ω as above gives rise to a top tangent formω = J * • ω. Let us consider some local coordinates, adapted to the fibered structures:
∂u α on the sheaf of local real functions on T E having the same domain of definition, we say that
is the Lagrange controlled top derivative of ω.
, we have to prove that the definition does not depend on co-
Analogously, a controlled top tangent formω has the expressionω =ω i dx i and
, thus the conclusion follows. It is easy to see that in the case E = T M , we obtain that a controlled (top) tangent form is just a (top) tangent form. The Lagrange controlled derivative of a tangent form ω :
given above by formula (11); it follows using the local expression of the inclusion T 2 M ⊂ T T M (see the Appendix). We define: a k-order tangent form as a controlled tangent form ω : IR × T k M → T * T M and a k-order top tangent form as a bundle mapω :
As in the general case, a k-order tangent form ω gives a k-order top tangent formω = J * • ω. Let us define now the Lagrange top derivative E
Using local coordinates, the inclusion has the form (
where d dt is the local operator given by
In the case k = 3, the local operator ω has the order at most 3, as ω. This is the case below when the Euler-Lagrange top form of a tangent form has the third order.
The Euler-Lagrange equation as a top tangent form
Any second order Lagrangian L : IR × T 2 M → IR gives rise to an at most forth order top tangent form E i dx i , that we call the Euler-Lagrange top tangent form of L, where
In the case when a second order Lagrangian L ω is affine in accelerations and it is associated with a tangent form ω, its local formula is given as in formula (5) with
, thus
where
) and the forth order coordinates w i are not involved. Thus the top tangent form E is at most third order in this case.
We prove below that the Euler-Lagrange top tangent form can be obtained using two second order tangent forms. Proposition 4.1 Let ω be a (first order) tangent form such that the EulerLagrange top tangent form E ω is of third order. Then the following assertions holds true.
1. If Ω is a first or a second order tangent form such that such thatΩ =ω, then there is a second or a third order tangent form Φ, uniquely determined by the conditions that the Lagrange top derivative of Ω isΦ and the Lagrange top derivative of Φ is the Euler-Lagrange top tangent form E ω .
2. There are two second order tangent forms Ω and Φ such thatΩ =ω, the Lagrange top derivative of Ω isΦ and the Lagrange top derivative of Φ is E ω .
Proof. 1. The conditions on Φ readΦ
thus Ω is uniquely given by these conditions. If Ω is of first order thenΦ is of second order, thus Φ is of second or of third order. If Ω is of second order, thenΦ is of second or third order, thus Φ is of second or third order.
Let us denote ω
be the associated two order Lagrangian affine in accelerations. We consider
We have
We say that the second order tangent form Ω constructed in 2. of Proposition 4.1 is an Ostrogradski tangent form of ω.
The above construction is related to a general approach, related to the classical Ostrogradski theory.
Let L : IR × T 2 M → IR be a second order Lagrangian. There is a top tangent formω = ∂L ∂z i dx i associated with this Lagrangian and having an order at most 2. Let us suppose that ω is a first or second order tangent form ω such that its top tangent form isω, i.e. ω = ω i dx i + ∂L ∂z i dy i . One can consider for example ω = 1 2
defines a tangent form of order at most 2.
is a second order tangent form. The Lagrange top derivative of η is E
order tangent form and its Lagrange top derivative is E (4) µ = E ω , the EulerLagrange top tangent form of ω. This algorithm can produce tangent forms for a second order Lagrangian, taking a suitable tangent form ω.
be the Euler-Lagrange top tangent form of a tangent form ω. We say that a second order semi-sprayS :
respectively, with E i given by (14) .
More precisely:
The condition thatS is adapted to the tangent form ω reads
Notice that the third order semi-spray S gives a system of third order equations, having the form
its solutions are the integral curves of the vector field S. We say that the tangent form ω is regular if the local matrices (h ij = ∂ωi ∂y j − ∂ωj ∂y i ) are non-singular. It is easy to see that this property is free of coordinates.
Proposition 4.2 If the tangent form ω is regular, then the solutions of the generalized Euler-Lagrange equation E = 0, where E is given by (14) are the same solutions of a second order equation given by a global second order semispray S :
Proof. If ω is regular, then the matrix (h ij ) is invertible and let (h ij ) = (h ij ) −1 . The equation (16) gives uniquely
, that is well defined and gives the second order semi-spray S.
Non-degenerated and regular tangent forms
We recall that a (first order) tangent form ω given by (1) 
The two above regularity conditions are free of coordinates and can be related as follows.
If m = dim M is odd, then there are not regular tangent form on M , since a skew symmetric matrix in singular in this case; but there are non-degenerated tangent forms. For example, let g be a (pseudo-) Riemannian metric on M , F (x, y) = We say that a tangent ω form is biregular if it is hyper-non-degenerated and also regular.
Let us extend the definition of a non-degenerated tangent form to higher order tangent forms and use it in the study of the Euler-Lagrange equation.
For k ≥ 1, let us denote
, that we call the Legendre map ofω. The Legendre map L ω of a k-order tangent form ω is, by definition, the Legendre map of its associated top form. The condition that Lω be a local diffeomorphism can be read asω be a non-degenerated top tangent form. We say thatω is hyper-non-degenerated if Lω is a global diffeomorphism. The same definitions (Legendre map, non-degenerated, hypernon-degenerated and biregular ) on a tangent form ω are the same as referring to its top formω, as above.
We recall that a k-order semi-spray on M is a section S :
It can be regarded as well as a (time dependent) vector field Γ 0 on the manifold
Let π E : E → M be a fibered manifold. For k ≥ 1, we say that a controlled semi-spray of degree k on M over E is a mapS :
The local coordinate condition for a controlled semi-sprayS is π k •S(t, e, x (k) ) = x (k) . We use here only the particular case of a controlled semi-spray of order k over E = T * M . We denote
If a top tangent form of order k is hyper-non-degenerated, then the inverse L −1
For example, if a (first order) top tangent form, or tangent form, is hyper-non-degenerated, then the inverse of its Legendre map gives a 1-semi-sprayS : IR × T * M → T M .
The dynamics of regular and biregular tangent forms
We prove in this subsection that the dynamics on M of a regular tangent form comes from the projection of the integral curves of a vector field X on
A regular (first order) tangent form ω gives rise to a 2-co-semi-sprayS :
Let us consider the Ostrogradski tangent form Ω = ( Let us consider the map
Ω (x (2) )), where E
Ω :
It is easy to see that ω is a regular tangent form, i.e. the matrix
The expressions of the functions S i comes from the equationsΦ i = p i , thus
∂y j . Now we can go further, to find the integral curves of the action of ω.
Considering local coordinates coming from an open
us denote by π * 2 : T 2 * M → M the canonical projection.
Proposition 5.1 Let ω be a regular (first order) tangent form. Then:
1. the local vector fields X U glue together to a vector field X on T 2 * M and 2. the integral curves of X projects by π * 2 to all the critical curves of the action of ω.
Proof. We use local coordinates (
respectively (see the Appendix). On the intersection domain of two fibered charts, the local components of X follow next rule:
∂x iΦi ′ respectively. The first rule follows from the fact that (S i ) are the components of a 1-co-semi-spray. The second rule follows using similar relations 15 for Φ i andΦ i : in the second relation we have thatΦ i ′ = p i ′ . Thus 1. follows.
Along an integral curve of X we have
the Euler-Lagrange equation holds along any curve t → x(t). This proves 2.
Let us consider that ω is biregular, i.e. hyper-non-degenerated and regular. Let us denote T 
(2) ) = (t,Ω,Φ), whereΩ =ω andΦ are the corresponding top tangent forms.
Then ω is non-degenerated and regular iff the map L ′′ ω is a local diffeomorphism. The tangent form ω is hyper-non-degenerated iff L ′′ ω is a diffeomorphism Considering local coordinates as previously, the Legendre map
As above it follows that L ′′ ω is a local diffeomorphism that is a global one iff the Legendre map is a global diffeomorphism.
If the tangent form ω is biregular, then considering some local coordinates (t,
If ω is hyperregular and hyper-non-degenerated, then the local functions (T i ) and (S i ) come from some co-semi-sprays and give some global diffeomorphisms T : Proof. We use local coordinates (
respectively (see the Appendix). Then, on the intersection of two local bundle charts, the local components of Y follow the rules 
dt =Ω i − p (1)i and dp (1)i dt =Θ i . According to the definitions, it is easy to prove 2. A full interpretation of the two vector fields X and Y is given in the next subsection, where we prove that the two vectors are the Hamiltonian vector fields of two suitable Hamiltonians.
Hamiltonian descriptions of biregular tangent forms
Important tools in describing the dynamic equations of a Hamiltonian system are offered by quantization. Following similar ideas used in [9, Section 2.], one can use Ostrogradski-Dirac and Fadeev-Jakiw methods, but also a modified Ostrogradski-Dirac method, according to the possibility to construct constraints slight different from the canonical ones used in Ostrogradski theory. The Ostrogradski-Dirac method was also used in [3] to a quantization of a system derived from a Lagrangian affine in accelerations, involved in the study of a Reegge-Teitelboim model. We give below a global form of these results. More specifically, we prove in this subsection that:
-if ω is regular and its essential part is time independent, then there is a symplectic forms Ξ ′ on T 2 * M and a Hamiltonian H : IR × T 2 * M → IR such that the Hamiltonian vector field X H gives by projection the dynamics of ω on M ;
-if ω is biregular and its essential part is time independent, then there is a symplectic forms Ξ ′′ on T Let us consider the map Φ : (2) ), where t ∈ IR is given, and by Ξ the canonical symplectic 2-form on T * T M . Then we can consider the induced 2-form Φ * t Ξ on T 2 * M , that has the local expression Φ * t Ξ = dx i ∧ (dp i + dω i ) + dy i ∧ dω i , where the differential d is considered on T 2 * M .
Proposition 5.3
Let ω be a (first order) tangent form. For every t ∈ IR the form Ξ ′ t = Φ * t Ξ is closed on T 2 * M and it is non-degenerated iff ω is a regular tangent form.
Proof. The form Φ * t Ξ is closed since the form Ξ is closed. Using local coordinates as above, we have:
Thus, using the local base
i ∧ dp j , dy i ∧ dy j , dy i ∧ dp j , , dp i ∧ dp j } i<j , then Φ * t Ξ has the matrix  In the case when the essential part of a tangent form on M is time independent, we can avoid the use of parameter t and then consider the induced 2-form Ξ
As in Proposition 5.3, the two form Ξ ′ is a symplectic form on T 2 * M . We prove now that Ξ ′ can be used to quantify the Hamiltonian system derived from a Lagrangian affine in accelerations that comes from a non-degenerate tangent form. Letω =ω i dx i be a hyper-non-degenerated (first order) top tangent form, i.e. the Legendre map Lω : is non-singular in every point of IR × T M . We say that a tangent form ω is co-regular if its top tangent formω is co-regular.
Proposition 5.4
If a tangent form ω is non-degenerated then ω is co-regular iff ω is regular.
invertible; this prove the assertion. Let us suppose that the tangent form ω is biregular, i.e. hyper-non-degenerated and regular. Thus there are some global co-semi-sprays that give some global diffeomorphisms T : IR × T * M → IR × T M and S : IR × T 2 * M → IR × T 2 M respectively. We consider the local functions (T i ) and (S i ) that come from these co-semi-sprays.
Let us consider the diffeomorphism Ψ :
, where t ∈ IR is given, and by Ξ the canonical symplectic 2-form on T * T M . Then we can consider the induced 2-form Ψ * t Ξ on T 0 2 M , that has the local expression Φ *
In a similar way as Proposition 5.3, the following statement holds true.
Proposition 5.5 Let ω be a biregular tangent form. For every t ∈ IR the two form
Using local coordinates as above, we have:
i dp (0)i ∧ dp (0)j .
Thus, using the local base {dx i ∧ dx j , dx i ∧ dp (0)j , dx i ∧ dp (1)j , dp (0)i ∧ dp (0)j , dp (0)i ∧ dp (1)j , , dp (1)i ∧ dp (1)j } i<j , then Φ * t Ξ has the matrix
and I = (δ ij ). The above matrix is non-degenerated iff the matrix C ′ is non-degenerate i.e. iff ω is a biregular tangent form.
In the case when the essential part of a tangent form on M is hyper-nondegenerated and time independent, we can avoid the use of parameter t and then consider the diffeomorphisms Ψ
by Ψ and ̥, as in the previous case of Φ induced by Φ ′ . We have
We prove now that Ξ ′′ can be used also to quantify the Hamiltonian system derived from a Lagrangian affine in accelerations that comes from a non-degenerate tangent form. Using Theorem 5.1, we can prove the following statement. 
Notice that the pull-back of the Hamiltonians H = −p i y i + ω 0 by ̥ t is the Hamiltonian
6 Some examples and special cases
We say that a tangent form ω ∈ X * (IR×T M ) is singular if it is locally equivalent to a local Lagrangian.
Proposition 6.1 A tangent form is singular iff its top componentω, viewed as a vertical form, is vertical closed.
is locally equivalent to a local Lagrangian form iff locally its top componentω i has the formω i = ∂µ ∂y i . Using Poincaré Lemma, this condition is equivalent to ∂ωi ∂y j − ∂ωj ∂y i = 0, i.e.ω =ω i dx i is vertically closed. We say that ω is:
It is easy to see that if the tangent form ω is globally or locally singular it is also singular.
A (global) non-Lagrangian system is given by a tangent form ω for which there are two Lagrangians L, µ 0 : T M → IR and a top tangent form
follows that a (global) non-Lagrangian system is equivalent to give a global singular tangent form.
We can relax the above condition defining a local non-Lagrangian system as a tangent form ω such that ω −ω = µ 0 dt + µ i dx i , whereω is a closed form and µ, µ 0 are as previously. In the same way, it follows that a local non-Lagrangian system is equivalent to give a locally singular tangent form.
If ω is a local non-Lagrangian system on T M , then it can be proved that it is a global one.
In the case when ω is differentiable only on T M * = T M \{0}, where {0} is the image of the null section, then it makes sense to mark the difference between a local and a global tangent form.
For example, the tangent form ω =
dy is a local non-Lagrangian on IR 2 × IR If ω =ω j (y i )dy j , then the equation (9) has the form
The equations (9) have the form:
XdY . The equations (9) have the form
The general solution is x(t) = c 1 cos t + c 3 sin t + c 5 , x(t) = c 2 cos t + c 4 sin t + c 6 . The integral curves are ellipses and straight lines. If t 1 < t 2 < t 3 are given, then for every three distinct points A α (x α , y α ) ∈ IR 2 , α = 1, 3, there is a unique integral curve in the family that contains the three points, i.e. t → (x(t), y(t)),
This feature characterizes the dynamics generated by a third order differential equation, when in general, an integral curve is determined by three distinct points. Let us notice that for a second order differential equation, an integral curve is determined, in general, by two distinct points.
Let us consider now the case dim M = 1. In this case, since the only skewsymmetric matrix of first order is the null matrix, the equation (9) is always of second order, for every tangent formω = ω 0 dt + ωdx +ωdy, having the form
∂t 2 = 0. In the case when the local functions ω 0 , ω andω do not depend on y, the above equation becomes 2 ∂ω ∂x
We can give a global description of this fact. It well-known that any one dimensional manifold is diffeomorphic with IR or S 1 . On IR one can take a single global chart, while on S 1 one can take two charts, where the coordinate functions follow the rule ∂x ′ ∂x = ±1. Using the rules that coordinates follow, it follows that if ω 0 , ω andω do not depend on y on the domains of the two local charts, this is true on the intersection domain; we call a such tangent formω as a basic tangent form. We suppose also that ∂ω ∂x = 0 in every point, thusω is regular According to [2, Section 2.], a standard Lagrangian has the form L(t, x, y) = 1 2 P (x, t)y 2 + Q(x, t)y + R(x, t).
Its Euler-Lagrange equation is 2P
where subscripts x, t denote partial derivatives and
dt 2 . In [2, Proposition 2.1.] one prove that a second order equation
admits a standard Lagrangian description (19) iff b x = 2a t ; then P = exp(2 x a(t, s)ds) and R = x (Q t (t, s) − c(t, s)P (t, s))ds, where Q = Q(x, t) is an arbitrary function. The following result can be proved by a straightforward verification. Proof. We can prove by a straightforward computation that the equation (18) A top tangent formᾱ and a first order semi-sprayS :
) respectively, give rise to a second order Lagrangian L, affine in accelerations, by the formula
Let us suppose that there is a map u :
, such that the semi-sprayS has the local expressionS
. Then we can consider the tangent form ω given by the formula. 
A Riemannian metric g on M gives rise to the Levi-Civita connection ∇. 
The symplectic analogous version can be considered on a Fedosov manifold, i.e. a triple (M, α, ∇), where (M, α) is a symplectic manifold and ∇ is a symplectic linear connection on M , i.e. α is parallel according the ∇.
Let us consider the canonical symplectic form on
where (ε ij ) = 0 I r −I r 0 is the Levi-Civita tensor on IR 2r . Then the second order Lagrangian, affine in accelerations given by L (2) = ε ij y j z i + k y 2 , where
This Lagrangian corresponds to some equivalent tangent forms ω = ε ij y j dy i + kδ ij y j dx i and ω ′ = ε ij y j dy i + k y 2 (according to Proposition 3.1). The tangent form ω is obtained using the symplectic form (ε ij ) and the semi-sprayS on IR 2r having the form (t,
Tangent forms and first order semi-sprays
We show below that in some special cases, the solutions of the generalized Euler-Lagrange equation of a tangent form can be given by the integral curves of certain local first order semi-sprays. Example 3. Let us consider coordinates (x, y) on IR 2 and (x, y, X, Y ) on IR 4 = T IR 2 . Let ω = (X+Y )dX+Y dY . As in Example 1, the equations (9) have the solutions x ′′′ (t) = y ′′′ (t) = 0. Using the notations
The integral solutions of the vector field X are
Finally we obtain all the solutions
In conclusion, considering arbitrary semi-sprays on IR 2 , with constant coefficients, then we obtain all the solutions of (9) as integral solutions of these first order semi-sprays.
The above example can be extended as follows.
Proposition 6.3 Let us suppose that there are some coordinates such that the local coefficients of a regular tangent form ω depend only on (y i ). Then there is a family of local semi-sprays of first order whose local coefficients depend only on (y i ), such that their integral curves project on all the integral curves of the generalized Euler-Lagrange equation of ω.
Proof. The integral solutions of the vector field X are 
obtain all the integral curves of the generalized Euler-Lagrange equation of ω.
Since the tangent form ω ′ = ω+dF has the same extrema curves as ω, the extrema curves of the tangent forms ω
tion above) are the same. In order to detect when one can apply the Proposition above, we prove the following result.
Proposition 6.4 Let us consider a tangent form µ, a point x 0 ∈ M and a local system of coordinates (U, ϕ), where x 0 ∈ U . Then the following statements are equivalent:
1. There is a local tangent form ω = µ − dF on a T U ′ , x 0 ∈ U ′ ⊂ U , such that the local components of ω does depend only on (y i ).
2. The local components of dµ depend only on (y i ) and the components of
Proof. If the property 1. holds for µ, then dµ = dω, thus 2. follows. Conversely, let us suppose that 2. holds, thus dµ = a i (y 
Consider the tangent form ω = −ydx + xdy + Y dX − XdY on IR 2 used in Example 2., with coordinates (x, y) on IR 2 and (x, y, X, Y ) on
We use below also the notations
(h ij ) = 0 2 −2 0 and h ij = 0 −1/2 1/2 0 . The integral solutions of the vector field X are
Specifically, dt =S i .. Taking into account the Example 2., the integral curves of all semi-spraysS having this form give all the solutions of the generalized Euler-Lagrange equation (9) of ω.
Proposition 6.5 Let us suppose that there are some coordinates such that the local expression of a regular tangent form ω is ω = ω 0 (y j )+ω i (x j )dx i +ω i (y j )dy Proposition 6.6 Let us consider a tangent form µ, a point x 0 ∈ M and a local system of coordinates (U, ϕ), where x 0 ∈ U . Then the following statements are equivalent:
1. There is a local tangent form ω = µ − dF on a T U ′ , x 0 ∈ U ′ ⊂ U , such that ω = ω i (x j )dx i +ω i (y j )dy i and ∂ωi ∂x j + ∂ωj ∂x i = 0. 2. The local components of dµ have the properties that the components of {dx i ∧ dt, dy i ∧ dt, dx i ∧ dy j } vanish, the components of {dy i ∧ dy j } depend only on (y i ) and the components µ ij of {dx i ∧ dx j } are constants.
Proof. If the property 1. holds for µ, then dµ = dω, thus 2. follows. Conversely, let us suppose that 2. holds, thus dµ = Proposition 6.7 Let us consider a tangent form µ, a point x 0 ∈ M and a local system of coordinates (U, ϕ), where x 0 ∈ U . Then the following statements are equivalent:
1. There is a local tangent form ω = µ − dF on a T U ′ , x 0 ∈ U ′ ⊂ U , such that ω = ω i (x j )y i dt +ω i (y j )dy i and ∂ωi ∂x j + ∂ωj ∂x i = 0. 2. The local components of dµ have the properties that the components of {dx i ∧ dx j , dx i ∧ dy j } vanish, the components of {dy i ∧ dy j } depend only on (y i ) and the components f i of {dx i ∧ dt} and g j of {dy i ∧ dt}have the property that ∂fj ∂y i = ∂gi ∂h j = c ij are constants.
Appendix
As a manifold, T 2 M ⊂ T T M is the submanifold of the vectors X v that project according to the double vector bundle structure π (2) : T T M → T M , as tangent bundle of T M and π (1) * : T T M → T M , as the differential of the canonical projection π (1) : T M → M ). As a manifold, the point in T 2 M can be defined also as the equivalent classes of curves on M having a 2-contact in a point (see, for example [5, 7, 14] ).
A slashed (first order) Lagrangian on M is a differentiable map L : T M * → IR, where T M * = T M \{0} and {0} is the image of the null section M → T M . Analogously, a slashed second order Lagrangian on M is a differentiable map L (2) : T 2 M * → IR, where T 2 M * = T 2 M \{0} and {0} is the image of the ,,null" section M → T 2 M given by (x i ) → (x i , y i = 0, z i = 0). Coordinates (x i ) on M , (x i , ythat a pointed Lagrangian L 0 =ω i (t, x j , y j )y i is equivalent to the top tangent formω =ω i dx
i . An analogous object considered in the paper is a pure tangent form that can be considered as a section ω ′ : IR × T M → π * 0 T * T M , ω ′ =ω i (t, x j , y j )dy i + ω i (t, x j , y j )dx i , of the induced vector bundle π 2 = π
